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Abstract 

We build a directed technical change model of the British Industrial Revolution where one 

sector uses a fixed biomass ("wood") quantity, and another uses coal at a fixed price. As 

population grows, the wood price rises and shifts innovation to the coal-using sector. 

Theoretical analysis shows the effects of technology levels, energy prices, and substitution 

elasticity on technical change. Empirical calibration produces historically plausible results. 

Counterfactual simulations show that more wood, dearer coal, a higher substitution elasticity 

or lower population growth would have greatly delayed the Industrial Revolution. The 

transition to modern economic growth is thus accelerated by wood scarcity. 
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1. Introduction 

What caused the acceleration of economic growth known as the Industrial Revolution? 

Economists and historians are divided on the importance of coal in fuelling the increase in the 

rate of economic growth. Many researchers (e.g. Wilkinson, 1973; Wrigley, 1988, 2010; 

Pomeranz, 2000; Krausmann et al., 2008; Allen, 2009, 2012; Gutberlet, 2012; Kander et al., 

2013; Fernihough and O’Rourke, 2014) argue that innovations in the use, and growth in the 

quantity, of coal played a crucial role in explaining the Industrial Revolution. But some 

economic historians (e.g. Clark and Jacks, 2007; Kunnas and Myllyntaus 2009) and 

economists (e.g. Madsen et al., 2010) argue, instead, that it was not necessary to expand the 

use of modern energy carriers such as coal while others (e.g. Clark, 2014) do not give coal a 

central role. Most growth economists (e.g. Acemoglu, 2009; Galor, 2011) simply omit any 

role for energy in economic growth. This debate matters for understanding not just the history 

of economic development, but also for assessing the future prospects for cutting global fossil 

fuel use in order to avoid dangerous climate change. In this paper, we show how the relative 

abundance of coal compared to biomass (referred to here as just "wood") could have directed 

innovation towards the development of coal-using technologies, resulting in an acceleration 

in economic growth thanks to the greater availability of coal. Our empirical model 

reproduces several stylized facts of the British Industrial Revolution. We are thus the first to 

show how directed technological change combined with the greater availability of coal, can 

explain why the Industrial Revolution happened first in Britain. 

The previous research that is most relevant to our model falls in three fairly separate areas. 

First are "unified growth" models in mainstream economics, which explain the British take-

off from Malthusian stagnation (where any technical progress results in population rather 

than income growth) but ignore any role for fossil fuels. Seminal papers here are Galor and 

Weil (2000) and Hansen and Prescott (2002), which both include a fixed supply of land (the 

source of biomass). Galor and Weil have one sector with endogenous population growth and 

technical progress that depends on the level of population. They also assume that the return to 

land is zero. Hansen and Prescott have two sectors, with land input in the agricultural, 

"Malthus" sector, no natural resource input to the industrial, "Solow" sector, semi-

endogenous population growth, and exogenous technical progress that is assumed a priori to 

be much faster in the Solow than in the Malthus sector. O'Rourke et al. (2013) introduce 

directed technical change in a unified growth model. However, their sectors are distinguished 

by high or low labor skills rather than by possession of land. Another two-sector model of the 
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industrial revolution is that of Kögel and Prskawetz (2001) where there is exogenous 

technical change in agriculture and technological change in the manufacturing sector is 

endogenous and rising with population growth. An exogenous increase in agricultural 

productivity sparks an industrial revolution. Our two-sector model has a fixed renewable 

resource input to the Malthus sector as in Hansen and Prescott, but we add an infinitely 

elastic supply of coal to the Solow sector, and we endogenize technological change using 

Acemoglu's (2002) directed technical change model, without assuming a priori that the level 

of productivity or the rate of technological change is higher in the coal using sector. Such 

change stimulates sustained, Solow-sector growth (an industrial revolution), given a further, 

here exogenous, assumption of population growth, which drives up the wood price. Without a 

rising wood price, sustained, innovation-driven growth does not occur. So our model is 

broadly the industrial equivalent of Boserup's (1981) mechanism for technical change in 

agrarian societies driven primarily by rising natural resource scarcity, and is one where 

necessity is indeed the mother of invention.1 

The second area of relevant literature is work, notably by Clark and Jacks (2007) and Madsen 

et al. (2010), which explicitly rejects the importance of coal in the Industrial Revolution. 

Clark and Jacks argue that because the value of coal was only a modest share of British GDP, 

and because Britain's energy supply could have been greatly expanded, albeit at about twice 

the cost of coal, by importing wood from the Baltic, an Industrial Revolution could still have 

happened in a coal-less Britain with only "modest costs to the productivity growth of the 

economy". Because of the dynamic rather than static role for of scarcity in our model, a 

doubling in price of elastically available energy turns out to profoundly discourage the 

innovation required to drive an industrial revolution. Madsen et al. find that coal production 

in British coal mines has no econometrically significant effect on per-capita output during 

                                                 
1 Lewis’ (1954) original two sector model of the transformation of a pre-industrial economy 

assumed an infinitely elastic supply of labor in the traditional sector and that capital was only 

used in the modern sector. But these assumptions about economies in the first stages of 

industrialization are not necessarily accurate (Gollin, 2014) and we assume that the total 

labor supply is fixed at any given point in time and that capital use and innovation occur in 

both sectors of the economy. Despite this, wages grow very slowly in our baseline simulation 

until the Industrial Revolution is well underway. On the other hand, our model is reminiscent 

of Lewis’ two sector fixed land and expandable capital assumption. 
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1620-2006. But this is in a regression in annual first differences, which controls for the level 

of innovation thus ignoring long run and dynamic effects of resource scarcity. 

The third area of relevant literature comprises models of the effect of energy on long-run 

growth. Fröling (2011) develops an endogenous growth model where energy services are 

produced by a constant elasticity of substitution (CES) aggregate of coal and biomass with an 

elasticity of substitution of 3. Her model has two stocks of knowledge, one of which 

enhances TFP in the production of final output, while the other enhances the productivity of 

coal but not biomass in producing energy services. By contrast, our model shows how the 

focus of innovation will move from the traditional biomass-using sector to the coal-using 

sector endogenously in response to changes in relative fuel prices. Perhaps the closest 

precursor of our paper is Eren and Garcia-Macia (2013). They also explain the Industrial 

Revolution as a transition from using wood to using coal as the main energy source, enabled 

by directed technical change in the manner of Acemoglu et al. (2012). But unlike us they 

ignore population growth, and treat both coal and wood as strictly non-renewable resources; 

and in common with Hansen and Prescott, but unlike us, they assume a priori a permanently 

lower productivity parameter in the Malthus, wood-using sector than in the Solow, coal-using 

sector. Finally, Kander and Stern (2014) econometrically estimate a model of the transition 

from traditional biomass energy (mainly wood) to modern energy (mainly coal) in Sweden, 

which shows the importance this transition in economic growth there. However, they assume 

exogenous factor-augmenting technical change, which can augment labor, biomass, and 

modern energy separately in an extended version of the single sector Solow growth model, 

with low substitutability between energy and capital but high substitutability between energy 

carriers. Both Kander and Stern (2014) and Stern and Kander (2012) carry out counterfactual 

simulations which show that expansion of energy use and energy augmenting technological 

change could have contributed very significantly to economic growth in Sweden in the 19th 

and early 20th Centuries. 

Our model is based on Acemoglu’s (2002) model of directed technical change; this uses the 

expanding product varieties (horizontal innovation) approach to modeling endogenous 

growth, which is appropriate since new types of machines and industrial processes using coal 

were characteristic of the Industrial Revolution. We have two intermediate goods sectors - 

the Malthus and Solow sectors - that produce wood-intensive and coal-intensive goods, 

respectively, which are then combined into a final good via a high-elasticity, CES production 

function. The intermediate sectors each have a Cobb-Douglas production function using 
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labor, a (natural) resource input – wood or coal – and sector-specific machines. Unlike the 

previous research mentioned above, we do not assume that productivity is inherently higher 

or faster growing in the industrial than in the land-based sector: our only difference is to 

assume that wood is supplied perfectly inelastically (its quantity is constant), while coal is 

supplied perfectly elastically (its price is constant). These key assumptions are consistent 

with the available historical data. Allen (2009) shows that the price of coal was fairly 

constant in both London and other parts of the United Kingdom from the 16th to the 19th 

Century (Figure 1). Warde (2007) shows that the quantity of wood used was almost constant 

from 1560 to 1800 (Figure 2). Clark and Jacks (2007) also argue that coal supply was very 

elastic. 

As Acemoglu explains, whether the elasticity of substitution between the two intermediate 

goods is greater or less than unity determines whether the price effect or market size effect 

dominates technological change: “When the elasticity of substitution is low, scarce factors 

command higher prices, and the price effect is relatively more powerful” (Acemoglu, 2002, 

783). Conversely, when this elasticity of substitution is high, as Kander and Stern (2014) 

show it was for Sweden and we assume here for Britain, then the market size effect 

dominates. This means that the factor that becomes more abundant is the one which 

innovation focuses on. In the Industrial Revolution the abundance of coal increased relative 

to wood, so innovation focused on coal-using machines. 

Of course, this analysis abstracts from other issues such as Allen's (2009) argument that 

expensive labor was the reason why innovation to use coal was profitable in the UK long 

before it was elsewhere, which Crafts and O’Rourke (2014) find to be a plausible 

explanation. We also implicitly assume that the British institutional environment was 

appropriate for accelerating growth to occur, for example by having the well-developed 

patenting system which Madsen et al. (2010) found to be econometrically significant. 

The outline of the paper is as follows. In the second section of the paper, we examine the 

available data on economic growth, energy use and energy prices in the period of the 

Industrial Revolution, and thus explain our choice of stylized facts that we wish to reproduce 

in our model. In the third section, we present our model. In the fourth section, we analyze 

theoretically the factors affecting the direction of technical change and predictions for the 

evolution of pre-industrial economies, which either undergo or do not undergo a transition to 

modern economic growth. In the fifth, we present various simulations that lend support to the 

popular, but contested view that plentiful, fairly cheap coal was indeed a necessary (though 
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not necessarily sufficient) condition for the Industrial Revolution to happen in Britain in the 

18th and 19th centuries. The final section presents some conclusions. 

2. Stylized Facts 

Figures 3 and 4 show the evolution of GDP per capita and its growth rate according to the 

Maddison Project (2013). Up to 1650, GDP per capita is flat or declining, after which it 

grows at an accelerating rate, though the growth rate is quite erratic and even by 1900 the rate 

of economic growth is only 1.25% p.a., which is low by 20th or 21st Century standards.2   

Figure 1 shows the real prices of coal and charcoal in London and the Western UK (Allen, 

2009). The price of charcoal rises steeply from the beginning of the 17th Century to the late 

18th Century after which it appears to level off and possibly fall (Fouquet, 2011). The price of 

coal though is relatively stable over time in both regions. Figure 2 shows the energy content 

of wood and coal consumed in England and Wales (Warde, 2007, Appendix). Firewood 

constitutes about 80% of the total in 1560 declining to about 25% by 1700 and to zero by 

1850. The quantity of wood used is fairly constant from about 1560 until 1800. Coal use 

increases 700-fold over the period. Though the quantity of wood used eventually falls to zero 

in the 19th Century, for simplicity our model will assume that wood use was constant 

throughout the period. Wood use did not end because of exhaustion of the wood supply. 

Harvests of domestically grown wood for all purposes were fairly constant over the second 

half of the 19th Century (Iriarte-Goñi and Ayuda, 2012). 

Gentvilaite et al. (2015) calculate that the energy cost share declined from 1800 to the present 

in the United Kingdom from approximately 25% of total costs to 10%. Energy intensity in 

Britain increased till about 1880 after which it declined (Kander et al., 2013). From 1800 to 

1880 it roughly doubled, but prior to 1800 it was fairly constant (Figure 5).3 Given the data 

presented here, it seems that the cost share of energy may have risen till the late 17th Century 

as the price of wood rose, before beginning a slow decline as cheaper coal became an 

                                                 
2 We note, that though an acceleration of the rate of economic growth was a defining feature of the 

Industrial Revolution, the time path of income per capita over the last millennium is still deeply 

disputed among economic historians. For example, Clark (2013) notes that while he estimates English 

income to have changed very little between pre-industrial times and 1800, Broadberry et al. (2011) 

estimate that income tripled between 1270 and 1800. 

3 If we include only coal and firewood in our energy aggregate then intensity also rose before 1800. 



 7 

increasingly large share of total energy use. Given these facts, our model does not need to be 

able to model a rapid decline in energy intensity or in the energy cost share over time − 

which would not be the case if we were modeling 19th Century Sweden (Kander and Stern, 

2014) − so our assumption of a constant energy share is reasonably consistent with history.  

3. The Model 

The following outlines the structure of our model, which is based on Acemoglu (2002), 

Acemoglu et al. (2012), and Kander and Stern (2014). In common with Acemoglu (2002), 

technical change is modeled as an expansion of product varieties, but, as in Acemoglu et al. 

(2012), in addition to intermediate machines and labor, natural resources contribute to 

production. While only one sector has a resource input in Acemoglu et al. (2012), in our 

model each sector has a resource input - wood or coal. We model only the industrial sector of 

the economy, so we treat the resource inputs as being effectively “imported” into the 

economy. In our baseline scenario, we assume wood supply is exogenously fixed, and 

population and hence the labor force grow exogenously, so the available wood quantity per 

worker falls. We assume coal is supplied elastically at a constant price. As in Acemoglu et al. 

(2012), we use discrete time and assume that a patent only lasts one period, here 20 years. 

Therefore, firms in the intermediate goods sector only maximize current period profits.4 We 

assume that when the patent expires each type of machine is then produced competitively in 

all following periods so that its price is equal to marginal cost. This means that newly 

developed machines will be priced higher than older varieties and used in smaller amounts. 

This is what is seen in the real world where new technologies are expensive and sold in 

smaller quantities but later become commodified. It does introduce some complication, as 

machines are now used in two different amounts in each sector rather than all being used in 

                                                 
4 If innovators are granted perpetual patents then they need to consider the net present value of the 

stream of future profits when making the decision about how much to invest in innovation activities. 

As explained by Acemoglu (2002), this decision is then particularly complicated because not only 

might the interest rate vary over time off a balanced growth path – and in our model a balanced 

growth path is not likely due to the fixed wood stock – but also the relative prices of the two goods 

will change over time. This would lead to a complicated dynamic programming problem and is why 

Acemoglu (2002) focuses on deviations from a steady state. 
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equal amounts.5 The 20-year period also is a convenient time step under the assumption that 

all machines depreciate entirely within one period. As a result, the consumer plays no active 

role in our model – profit maximization assures that consumption is maximized and there is 

no intertemporal investment decision. We use a hybrid of Acemoglu’s (2002) lab equipment 

and knowledge-based R&D models where production of new varieties depends both on 

existing knowledge and R&D expenditure with constant returns to the two inputs as in Romer 

(1986). 

Production: 

The final good, Y, is produced from two intermediate goods via a constant elasticity of 

substitution production function: 

 
𝑌𝑌𝑡𝑡 = �𝛾𝛾𝑌𝑌𝑀𝑀,𝑡𝑡

𝜎𝜎−1
𝜎𝜎 + (1 − 𝛾𝛾)𝑌𝑌𝑆𝑆,𝑡𝑡

𝜎𝜎−1
𝜎𝜎 �

𝜎𝜎
𝜎𝜎−1

 (1) 

where the elasticity of substitution, 𝜎𝜎, is greater than unity, 0 < 𝛾𝛾 < 1 is the distribution 

parameter, and t indicates the time period. The two intermediate goods are produced using 

the following Cobb-Douglas technologies: 

 
𝑌𝑌𝑀𝑀,𝑡𝑡 =

1
𝛽𝛽
�� 𝑥𝑥𝑀𝑀,𝑡𝑡(𝑗𝑗)𝛽𝛽𝑑𝑑𝑗𝑗

𝑁𝑁𝑀𝑀,𝑡𝑡

0
�𝐸𝐸𝑀𝑀,𝑡𝑡

𝛼𝛼 𝐿𝐿𝑀𝑀,𝑡𝑡
1−𝛼𝛼−𝛽𝛽 (2) 

 
 

𝑌𝑌𝑆𝑆,𝑡𝑡 =
1
𝛽𝛽
�� 𝑥𝑥𝑆𝑆,𝑡𝑡(𝑗𝑗)𝛽𝛽𝑑𝑑𝑗𝑗

𝑁𝑁𝑆𝑆,𝑡𝑡

0
�𝐸𝐸𝑆𝑆,𝑡𝑡

𝛼𝛼 𝐿𝐿𝑆𝑆,𝑡𝑡
1−𝛼𝛼−𝛽𝛽 (3) 

 
where 0 < 𝛼𝛼 < 1 , 0 < 𝛽𝛽 < 1.6 Subscript M (Malthus) indicates the sector using wood, EM, 

and a range of wood-using machines, the xM’s, as inputs. Subscript S (Solow) indicates the 

sector using coal, ES, and a range of fossil fuel-using machines, the xS’s, as inputs. The 

                                                 
5 This is a variant on the limited patent protection model in Gancia and Zilibotti (2005) and similar to 

the model in Appendix B9 of Acemoglu et al. (2012) where machines that did not experience 

successful innovation in the period in question are produced competitively. 

6 We depart from what we think is the more realistic assumption that the elasticity of substitution 

between energy and machines is less than unity that we used in previous research (Stern and Kander, 

2012; Kander and Stern, 2014) for reasons of tractability. Simulations show that if the elasticity of 

substitution between energy and machines is less than unity the results do not differ radically from 

those presented in this paper.  
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number of varieties of machines that can be used with wood and coal are denoted by NM and 

NS. LM and LS are the labor used in each sector, the sum of which is assumed to assumed to be 

exogenous and proportional to the level of population: 

 𝐿𝐿𝑀𝑀,𝑡𝑡 + 𝐿𝐿𝑆𝑆,𝑡𝑡 = 𝐿𝐿𝑡𝑡 (4) 

 
In the baseline simulation population is exogenously determined as described at the start of 

Section 5 below. However, in our theoretical simulation in Section 4 we assume a constant 

population rather than imposing the historical behavior of population growth in Britain. 

Given the historical evidence in Figures 1 and 2, for simplicity we assume that wood supply 

is a constant flow 𝐸𝐸�𝑀𝑀 while coal is supplied elastically at a constant price �̅�𝑒𝑆𝑆. We assume that 

the intermediate and final goods are all supplied competitively. We set the final good, Y, as 

the numeraire, normalizing its price to 1. Therefore, the prices of the two goods are related as 

follows (Acemoglu, 2002, eq. (8)): 

 𝛾𝛾𝜎𝜎𝑝𝑝𝑀𝑀,𝑡𝑡
1−𝜎𝜎 + (1 − 𝛾𝛾)𝜎𝜎𝑝𝑝𝑆𝑆,𝑡𝑡

1−𝜎𝜎 = 1 (5) 

 
The price ratio of the two goods is given in competitive equilibrium by (Acemoglu, 2002, eq. 

(7)): 

 𝑝𝑝𝑀𝑀,𝑡𝑡

𝑝𝑝𝑆𝑆,𝑡𝑡
=

𝛾𝛾
1 − 𝛾𝛾

�
𝑌𝑌𝑀𝑀,𝑡𝑡

𝑌𝑌𝑆𝑆,𝑡𝑡
�
−1𝜎𝜎

 (6) 

 
The marginal value products and hence prices of the two energy inputs are given by: 

 
𝑒𝑒𝑀𝑀,𝑡𝑡 =

𝛼𝛼
𝛽𝛽
𝑝𝑝𝑀𝑀,𝑡𝑡 �� 𝑥𝑥𝑀𝑀,𝑡𝑡(𝑗𝑗)𝛽𝛽𝑑𝑑𝑗𝑗

𝑁𝑁𝑀𝑀,𝑡𝑡

0
�𝐸𝐸�𝑀𝑀𝛼𝛼−1 𝐿𝐿𝑀𝑀,𝑡𝑡

1−𝛼𝛼−𝛽𝛽 = 𝛼𝛼𝑝𝑝𝑀𝑀,𝑡𝑡
𝑌𝑌𝑀𝑀,𝑡𝑡

𝐸𝐸�𝑀𝑀
 (7) 

 
 

�̅�𝑒𝑆𝑆 =
𝛼𝛼
𝛽𝛽
𝑝𝑝𝑆𝑆,𝑡𝑡 �� 𝑥𝑥𝑆𝑆,𝑡𝑡(𝑗𝑗)𝛽𝛽𝑑𝑑𝑗𝑗

𝑁𝑁𝑆𝑆,𝑡𝑡

0
�𝐸𝐸𝑆𝑆,𝑡𝑡

𝛼𝛼−1 𝐿𝐿𝑆𝑆,𝑡𝑡
1−𝛼𝛼−𝛽𝛽 = 𝛼𝛼𝑝𝑝𝑆𝑆,𝑡𝑡

𝑌𝑌𝑆𝑆,𝑡𝑡

𝐸𝐸𝑆𝑆,𝑡𝑡
 (8) 

 
The common wage rate equals similar expressions for the marginal value product of labor: 

 𝑤𝑤𝑡𝑡 = (1 − 𝛼𝛼 − 𝛽𝛽)𝑝𝑝𝑀𝑀,𝑡𝑡
𝑌𝑌𝑀𝑀,𝑡𝑡

𝐿𝐿𝑀𝑀,𝑡𝑡
= (1 − 𝛼𝛼 − 𝛽𝛽)𝑝𝑝𝑆𝑆,𝑡𝑡

𝑌𝑌𝑆𝑆,𝑡𝑡

𝐿𝐿𝑆𝑆,𝑡𝑡
 (9) 
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Market for Machines: 

Given the above, the first order conditions for profit maximization by competitive 

manufacturers of each intermediate good 𝑌𝑌𝑖𝑖, 𝑖𝑖 = 𝑀𝑀, 𝑆𝑆, in each intermediate sector imply that 

their demand for each variety of machine is: 

 

𝑥𝑥𝑖𝑖,𝑡𝑡(𝑗𝑗) = �
𝑝𝑝𝑖𝑖,𝑡𝑡𝐸𝐸𝑖𝑖,𝑡𝑡𝛼𝛼 𝐿𝐿𝑖𝑖,𝑡𝑡

1−𝛼𝛼−𝛽𝛽

𝜒𝜒𝑖𝑖,𝑡𝑡(𝑗𝑗)
�

1
1−𝛽𝛽

 (10) 

 
Where 𝜒𝜒𝑖𝑖.𝑡𝑡(𝑗𝑗)

 
is the price of variety j. The inverse demand function is therefore: 

 
𝜒𝜒𝑖𝑖,𝑡𝑡(𝑗𝑗) =

𝑝𝑝𝑖𝑖,𝑡𝑡𝐸𝐸𝑖𝑖,𝑡𝑡𝛼𝛼 𝐿𝐿𝑖𝑖,𝑡𝑡
1−𝛼𝛼−𝛽𝛽

𝑥𝑥𝑖𝑖,𝑡𝑡(𝑗𝑗)1−𝛽𝛽
 (11) 

 
Following Acemoglu (2002), we set the marginal cost of manufacturing a machine at a 

common constant, 𝜓𝜓. Each variety of machine that is newly innovated in the current period is 

supplied by a monopolist that maximizes profit, which for variety 𝑥𝑥𝑖𝑖,𝑡𝑡(𝑗𝑗) is given by: 

 𝜋𝜋𝑖𝑖,𝑡𝑡(𝑗𝑗) = 𝑝𝑝𝑖𝑖,𝑡𝑡𝐸𝐸𝑖𝑖,𝑡𝑡𝛼𝛼 𝐿𝐿𝑖𝑖,𝑡𝑡
1−𝛼𝛼−𝛽𝛽𝑥𝑥𝑖𝑖,𝑡𝑡(𝑗𝑗)𝛽𝛽 − 𝜓𝜓𝑥𝑥𝑖𝑖,𝑡𝑡(𝑗𝑗) (12) 

 
Maximizing profit results in an optimal machine price of 𝜒𝜒𝑖𝑖,𝑡𝑡∗ (𝑗𝑗) = 𝜓𝜓

𝛽𝛽
. Following Acemoglu 

(2002), we normalize marginal cost 𝜓𝜓 = 𝛽𝛽 so that 𝜒𝜒𝑖𝑖,𝑡𝑡∗ (𝑗𝑗) = 1. Machine varieties that were 

first introduced in earlier periods are produced competitively, so are sold at price 𝜒𝜒𝑀𝑀,𝑡𝑡
𝐶𝐶 (𝑗𝑗) =

𝜒𝜒𝑆𝑆,𝑡𝑡
𝐶𝐶 (𝑗𝑗) = 𝛽𝛽. Then, from (9), the amount of each machine sold by each monopolist is given 

by: 

 𝑥𝑥𝑖𝑖,𝑡𝑡∗ (𝑗𝑗) = (𝑝𝑝𝑖𝑖,𝑡𝑡𝐸𝐸𝑖𝑖,𝑡𝑡𝛼𝛼 𝐿𝐿𝑖𝑖,𝑡𝑡
1−𝛼𝛼−𝛽𝛽)

1
1−𝛽𝛽  (13) 

 
and profit per new machine is therefore: 

 
𝜋𝜋𝑖𝑖,𝑡𝑡(𝑗𝑗) = [χ𝑖𝑖∗(𝑗𝑗) − 𝜓𝜓]𝑥𝑥𝑖𝑖∗(𝑗𝑗) = (1 − 𝛽𝛽)�𝑝𝑝𝑖𝑖,𝑡𝑡𝐸𝐸𝑖𝑖,𝑡𝑡𝛼𝛼 𝐿𝐿𝑖𝑖,𝑡𝑡

1−𝛼𝛼−𝛽𝛽�
1

1−𝛽𝛽 (14) 

 

So the relative profitability 𝜋𝜋𝑀𝑀,𝑡𝑡(𝑗𝑗)
𝜋𝜋𝑆𝑆,𝑡𝑡(𝑗𝑗)  of innovating in the two sectors depends on the price �𝑝𝑝𝑀𝑀,𝑡𝑡

𝑝𝑝𝑆𝑆,𝑡𝑡
� 

and market size effects �
𝐸𝐸�𝑀𝑀
𝛼𝛼 𝐿𝐿𝑀𝑀,𝑡𝑡

1−𝛼𝛼−𝛽𝛽

𝐸𝐸𝑆𝑆,𝑡𝑡
𝛼𝛼 𝐿𝐿𝑆𝑆,𝑡𝑡

1−𝛼𝛼−𝛽𝛽�, but the market size effect depends on both the number of 
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workers in each sector and the relative scarcity of the two energy inputs. How strong the 

relative effects are will depend on the elasticity of substitution between the two intermediate 

goods as explained in Acemoglu (2002). As price is equal to marginal cost, 𝛽𝛽, for 

competitively produced machines, the amount sold of each variety is: 

 

𝑥𝑥𝑖𝑖,𝑡𝑡𝐶𝐶 (𝑗𝑗) = �
𝑝𝑝𝑖𝑖,𝑡𝑡𝐸𝐸𝑖𝑖,𝑡𝑡𝛼𝛼 𝐿𝐿𝑖𝑖,𝑡𝑡

1−𝛼𝛼−𝛽𝛽

𝛽𝛽
�

1
1−𝛽𝛽

  (15) 

Technology Innovation: 

We assume that there are diminishing returns to both knowledge, which is necessary to obtain 

an equilibrium, and research expenditure in knowledge production. This reflects that it should 

be easier to find the simplest ideas but take more effort to find the more sophisticated ones 

and in any given period it is hard to move the technology frontier very far as more innovating 

firms enter the sector and spend on R&D there are diminishing returns to that expenditure. As 

in Romer (1986), there are constant returns to scale in both knowledge and R&D expenditure. 

New varieties generated in sector i and period t, 𝛥𝛥𝑁𝑁𝑖𝑖,𝑡𝑡 = 𝑁𝑁𝑖𝑖,𝑡𝑡 − 𝑁𝑁𝑖𝑖,𝑡𝑡−1, are a function of 

knowledge (the number of existing varieties) and R&D expenditure in that sector, Ri: 

 𝛥𝛥𝑁𝑁𝑖𝑖,𝑡𝑡 = 𝜂𝜂𝑁𝑁𝑖𝑖,𝑡𝑡−1
𝜇𝜇 𝑅𝑅𝑖𝑖,𝑡𝑡

1−𝜇𝜇;  𝜂𝜂 > 0, 0 <  𝜇𝜇 < 1 (16) 

 
This is an aggregate production function for the innovation sector as a whole. We assume that 

knowledge from the previous period is shared commonly and that there are diminishing 

returns to entry into each innovation sector in each period. For simplicity we are thus 

assuming what Acemoglu (2002) calls “extreme state dependence”, where there are no 

spillovers between the sectors. Using (16), the marginal product of spending an additional 

dollar on innovation in the sector in a given period is: 

 𝜕𝜕(Δ𝑁𝑁𝑖𝑖,𝑡𝑡)
𝜕𝜕𝑅𝑅𝑖𝑖,𝑡𝑡

= (1 − 𝜇𝜇)𝜂𝜂𝑁𝑁𝑖𝑖,𝑡𝑡−1
𝜇𝜇 𝑅𝑅𝑖𝑖,𝑡𝑡

−𝜇𝜇 (17) 

 
Therefore, the marginal cost of producing the last new variety in a given period will be the 

reciprocal of the RHS of (17): 

 
𝑀𝑀𝑀𝑀(𝑗𝑗) =

𝑅𝑅𝑖𝑖,𝑡𝑡
𝜇𝜇

(1 − 𝜇𝜇)𝜂𝜂𝑁𝑁𝑖𝑖,𝑡𝑡−1
𝜇𝜇  (18) 
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The free entry condition (Acemoglu and Zilibotti, 2001) means that the profit from the last 

variety will be equal to the marginal cost (18): 

 
𝜋𝜋𝑖𝑖,𝑡𝑡(𝑗𝑗) =

𝑅𝑅𝑖𝑖,𝑡𝑡
𝜇𝜇

(1 − 𝜇𝜇)𝜂𝜂𝑁𝑁𝑖𝑖,𝑡𝑡−1
𝜇𝜇  (19) 

 
Because of diminishing returns, this free entry condition is an equality rather than the usual 

inequality and, therefore, there will always be innovation in both sectors as long as both 

intermediate goods are produced. Equation (19) implies the technology market clearing 

condition 𝑁𝑁𝑀𝑀,𝑡𝑡−1
𝜇𝜇 𝑅𝑅𝑀𝑀,𝑡𝑡

−𝜇𝜇𝜋𝜋𝑀𝑀,𝑡𝑡 = 𝑁𝑁𝑆𝑆,𝑡𝑡−1
𝜇𝜇 𝑅𝑅𝑆𝑆,𝑡𝑡

−𝜇𝜇𝜋𝜋𝑆𝑆,𝑡𝑡 so that the profitability of a dollar spent on R&D 

is equal in both sectors. 

Household: 

Each household supplies a unit of labor inelastically. Consumers’ income consists of the 

profits from the sale of machines and wages. Consumption is given by 𝑀𝑀𝑡𝑡 = 𝑌𝑌𝑡𝑡 − 𝐼𝐼𝑡𝑡 −

∑ 𝑅𝑅𝑖𝑖,𝑡𝑡𝑖𝑖 − ∑ 𝑒𝑒𝑖𝑖,𝑡𝑡𝐸𝐸𝑖𝑖,𝑡𝑡𝑖𝑖 , where 𝐼𝐼 is total expenditure on producing machines. As the consumer is 

only a passive consumer of the single final good we do not need to specify the consumer any 

further than this. Population is set exogenously as explained below. 

Equilibrium: 

As shown in Appendix A, given the above, we can derive a system of three equations in 𝑁𝑁𝑀𝑀,𝑡𝑡, 

𝑁𝑁𝑆𝑆,𝑡𝑡, and 𝑝𝑝𝑡𝑡: 

 
𝑝𝑝𝑡𝑡 =

𝛾𝛾
1 − 𝛾𝛾

�
𝑌𝑌𝑀𝑀,𝑡𝑡(𝑝𝑝𝑡𝑡,𝑁𝑁𝑀𝑀,𝑡𝑡)
𝑌𝑌𝑆𝑆,𝑡𝑡(𝑝𝑝𝑡𝑡,𝑁𝑁𝑆𝑆,𝑡𝑡)

�
−1𝜎𝜎

 (20) 

 

 𝜂𝜂
1

𝜇𝜇−1

(1 − 𝜇𝜇)�
Δ𝑁𝑁𝑀𝑀,𝑡𝑡

𝑁𝑁𝑀𝑀,𝑡𝑡−1
�

𝜇𝜇
1−𝜇𝜇

= (1 − 𝛽𝛽)𝑝𝑝𝑀𝑀,𝑡𝑡

1
1−𝛽𝛽( 𝑝𝑝𝑡𝑡)𝐸𝐸�𝑀𝑀

𝛼𝛼
1−𝛽𝛽𝐿𝐿𝑀𝑀,𝑡𝑡

1−𝛼𝛼−𝛽𝛽
1−𝛽𝛽 (𝑝𝑝𝑡𝑡) (21) 

 
 𝜂𝜂

1
𝜇𝜇−1

(1 − 𝜇𝜇)�
Δ𝑁𝑁𝑆𝑆,𝑡𝑡

𝑁𝑁𝑆𝑆,𝑡𝑡−1
�

𝜇𝜇
1−𝜇𝜇

=  (1 − 𝛽𝛽)𝑝𝑝𝑆𝑆,𝑡𝑡

1
1−𝛽𝛽(𝑝𝑝𝑡𝑡)𝐸𝐸𝑆𝑆,𝑡𝑡

𝛼𝛼
1−𝛽𝛽(𝑝𝑝𝑡𝑡,𝑁𝑁𝑆𝑆,𝑡𝑡)𝐿𝐿𝑆𝑆,𝑡𝑡

1−𝛼𝛼−𝛽𝛽
1−𝛽𝛽 (𝑝𝑝𝑡𝑡) (22) 

 



 13 

where 𝑝𝑝𝑡𝑡 = 𝑝𝑝𝑀𝑀,𝑡𝑡
𝑝𝑝𝑆𝑆,𝑡𝑡

. 𝑁𝑁𝑀𝑀,𝑡𝑡,𝑁𝑁𝑆𝑆,𝑡𝑡, and 𝑝𝑝𝑡𝑡 are solved numerically using Matlab. Given 𝐸𝐸�𝑀𝑀, �̅�𝑒𝑆𝑆, 𝑁𝑁𝑀𝑀,0, 

and 𝑁𝑁𝑆𝑆,0, the exogenous population growth function, and the functions given in Appendix A, 

we can solve the whole model recursively period by period. 

4. Analysis 

Given the historically representative but theoretically asymmetric nature of our key sectoral 

assumptions − a constant wood quantity 𝐸𝐸�𝑀𝑀 and a constant coal price �̅�𝑒𝑆𝑆 − a balanced-

growth-path in the sense of Acemoglu (2009) – where the intermediate good price ratio is 

constant – is usually not relevant. If the economy is transforming from a pre-industrial to an 

industrial state this means that the ratio of the output of the two intermediate goods will be 

declining and the relative price increasing. A balanced growth path in this sense is only 

possible for an economy that does not undergo an industrial revolution and in that case only 

for highly specific parameter values. However, considerable insight into the dynamics of the 

model is still possible.  

According to our model, the driving force of the Industrial Revolution was "necessity being 

the mother of invention". Growing population forced up the price of a fairly fixed wood 

supply, thus necessitating a substitution for wood that was more economically met by shifting 

production into the coal-using sector, where energy supply was elastic, than by shifting inputs 

from wood to machines and labor in the wood-using sector. We will show that in economies 

where energy resources were more abundant or the elasticity of substitution is higher the 

economy would have grown much slower and the Industrial Revolution would have been 

postponed or would not have happened at all. Such economies can become trapped in 

Malthusian stagnation, where growth is very slow. We will also show that even if population 

had been constant the British economy was already on a path to an Industrial Revolution but 

the process would have been very much delayed.  

First we define two terms: 

DEFINITION 1: 𝑁𝑁�𝑡𝑡 = Δ𝑁𝑁𝑀𝑀,𝑡𝑡/N𝑀𝑀,𝑡𝑡−1
Δ𝑁𝑁𝑆𝑆,𝑡𝑡/N𝑆𝑆,𝑡𝑡−1

 is the direction of technical change. If 𝑁𝑁�𝑡𝑡 > 1, then 

technical change is relatively Malthus-augmenting and if 𝑁𝑁�𝑡𝑡 < 1 then technical change is 

relatively Solow-augmenting. If 𝑁𝑁�𝑡𝑡 = 1 then technical change is sector-neutral. 
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Definition 1 is chosen so that if technological change is relatively Malthus-augmenting then 
𝑁𝑁𝑀𝑀,𝑡𝑡
𝑁𝑁𝑆𝑆,𝑡𝑡

 is increasing. Of course, 𝑁𝑁�𝑡𝑡 can be less than unity but Δ𝑁𝑁𝑀𝑀,𝑡𝑡 > Δ𝑁𝑁𝑆𝑆,𝑡𝑡 so that more 

varieties are being discovered in the Malthus than in the Solow sector but the proportional 

growth rate of varieties is higher in the Malthus sector. This is why we use the term 

“relatively”. We could dub the latter absolutely Malthus-augmenting. In 1560 technical 

change in Britain in our model was relatively Solow-augmenting and absolutely Malthus-

augmenting. 

DEFINITION 2: 𝐵𝐵𝑡𝑡 = 𝑁𝑁𝑀𝑀,𝑡𝑡+𝜃𝜃𝑁𝑁𝑀𝑀,𝑡𝑡−1
𝑁𝑁𝑆𝑆,𝑡𝑡+𝜃𝜃𝑁𝑁𝑆𝑆,𝑡𝑡−1

 is the state of technology. A preindustrial economy is 

defined as one where 𝐵𝐵𝑡𝑡 > 1. Hence 𝐵𝐵𝑡𝑡 is perhaps better thought of as the state of 

"backwardness". 

In Appendix B we derive the following cross-sectoral ratio that shows how the direction of 

technical change and the ratio of profitability in the two sectors vary with the relative level of 

ideas and relative energy prices:  

 
𝑁𝑁�𝑡𝑡 = Γ

𝜎𝜎
𝑚𝑚𝐵𝐵𝑡𝑡

(𝜎𝜎−1)(1−𝛽𝛽)−1
𝑚𝑚 𝑒𝑒𝑡𝑡

−𝛼𝛼(𝜎𝜎−1)
𝑚𝑚 = 𝜋𝜋𝑡𝑡𝑚𝑚 (23) 

 
where 𝑚𝑚 = 𝜇𝜇

1−𝜇𝜇
, Γ = 𝛾𝛾

1−𝛾𝛾
, 𝑒𝑒𝑡𝑡 = 𝑒𝑒𝑀𝑀,𝑡𝑡

�̅�𝑒𝑆𝑆
, and 𝜋𝜋𝑡𝑡 = 𝜋𝜋𝑀𝑀,𝑡𝑡(𝑗𝑗)

𝜋𝜋𝑆𝑆,𝑡𝑡(𝑗𝑗)
. This shows intuitively how an 

industrial, coal-using revolution can take off. Profitability in the Solow sector, 𝜋𝜋𝑆𝑆,𝑡𝑡, starts out 

low relative to 𝜋𝜋𝑀𝑀,𝑡𝑡 because 𝐵𝐵𝑡𝑡 ≫ 1 in a pre-industrial economy. But provided population 

growth and the fixed wood supply force the wood price, 𝑒𝑒𝑀𝑀,𝑡𝑡, up far enough, this raises 𝜋𝜋𝑆𝑆,𝑡𝑡 

high enough to eventually take 𝑁𝑁𝑆𝑆,𝑡𝑡 + 𝜃𝜃𝑁𝑁𝑆𝑆,𝑡𝑡−1 and thus coal-based production ever higher, in 

a positive feedback loop of coal-using, endogenous technical progress. Eventually production 

shifts so much towards the coal-using sector that the demand for and price of wood start 

falling. 

We can use this to determine the direction of technical change given the knowledge stocks 

and energy prices. For our baseline UK parameterization in Section 5, the exponent of A is 

1.635, the exponent of e is -0.85 and the constant is 0.013. So, more concentrated knowledge 

in the Malthus sector increases the tendency for Malthus-augmenting technical change, but 

the constant term being so far below unity definitely makes Solow-augmenting technical 

change more likely. Higher wood prices also encourage Solow-augmenting technical change. 
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LEMMA 1: If technical change is relatively Malthus-augmenting for two consecutive 

periods, then Δ𝐵𝐵𝑡𝑡 > 0; and if it is relatively Solow-augmenting for two consecutive periods, 

then Δ𝐵𝐵𝑡𝑡 < 0. 

Proof: From the definition of B, ∆𝐵𝐵𝑡𝑡 > 0 if 𝑁𝑁𝑀𝑀,𝑡𝑡+𝜃𝜃𝑁𝑁𝑀𝑀,𝑡𝑡−1
𝑁𝑁𝑀𝑀,𝑡𝑡−1+𝜃𝜃𝑁𝑁𝑀𝑀,𝑡𝑡−2

> 𝑁𝑁𝑆𝑆,𝑡𝑡+𝜃𝜃𝑁𝑁𝑆𝑆,𝑡𝑡−1
𝑁𝑁𝑆𝑆,𝑡𝑡−1+𝜃𝜃𝑁𝑁𝑆𝑆,𝑡𝑡−2

. Dividing the 

numerator and denominator of the LHS by 𝑁𝑁𝑀𝑀,𝑡𝑡−2 and the numerator and denominator of the 

RHS by 𝑁𝑁𝑀𝑀,𝑡𝑡−2 we have: 𝑁𝑁𝑀𝑀,𝑡𝑡/𝑁𝑁𝑀𝑀,𝑡𝑡−2+𝜃𝜃𝑁𝑁𝑀𝑀,𝑡𝑡−1/𝑁𝑁𝑀𝑀,𝑡𝑡−2
𝑁𝑁𝑀𝑀,𝑡𝑡−1/𝑁𝑁𝑀𝑀,𝑡𝑡−2+𝜃𝜃

> 𝑁𝑁𝑆𝑆,𝑡𝑡/𝑁𝑁𝑆𝑆,𝑡𝑡−2+𝜃𝜃𝑁𝑁𝑆𝑆,𝑡𝑡−1/𝑁𝑁𝑆𝑆,𝑡𝑡−2
𝑁𝑁𝑆𝑆,𝑡𝑡−1/𝑁𝑁𝑆𝑆,𝑡𝑡−2+𝜃𝜃

. If technical 

change is relatively Malthus augmenting, then 𝑁𝑁𝑀𝑀,𝑡𝑡
𝑁𝑁𝑀𝑀,𝑡𝑡−2

> 𝑁𝑁𝑆𝑆,𝑡𝑡
𝑁𝑁𝑆𝑆,𝑡𝑡−2

 and 𝑁𝑁𝑀𝑀,𝑡𝑡−1
𝑁𝑁𝑀𝑀,𝑡𝑡−2

> 𝑁𝑁𝑆𝑆,𝑡𝑡−1
𝑁𝑁𝑆𝑆,𝑡𝑡−2

.  

LEMMA 2: Given a constant energy price ratio: 

i. For 𝜎𝜎 ≥ 2−𝛽𝛽
1−𝛽𝛽

, if technical change in an economy is initially relatively Malthus-

augmenting or relatively Solow-augmenting this will persist.  

ii. For 𝜎𝜎 < 2−𝛽𝛽
1−𝛽𝛽

 there will be an approach to a steady state with sector neutral 

technical change. 

Proof: 𝜎𝜎 > 2−𝛽𝛽
1−𝛽𝛽

⟹ (𝜎𝜎 − 1)(1 − 𝛽𝛽) > 1 , so from (24), if the economy is initially relatively 

Malthus augmenting, i.e. 𝑁𝑁�𝑡𝑡 > 1, which is more likely the higher B is, then from Lemma 1 

Δ𝐵𝐵𝑡𝑡 > 0. As 𝜕𝜕𝑁𝑁
�

𝜕𝜕𝜕𝜕
> 0 and 𝐵𝐵 will also be increasing over time, the initial direction of technical 

change will be reinforced. For initial Solow augmentation Δ𝐵𝐵𝑡𝑡 < 0 and 𝐵𝐵 will also decline 

over time, reinforcing the initial direction of technical change. If 𝜎𝜎=2−𝛽𝛽
1−𝛽𝛽

, then an initial 

Malthus or Solow direction will persist as A will have no effect on the direction of technical 

change. 

For 𝜎𝜎 < 2−𝛽𝛽
1−𝛽𝛽

, if the economy is initially relatively Malthus-augmenting then Δ𝐵𝐵𝑡𝑡 > 0. But as 

B increases 𝑁𝑁� declines. When 𝑁𝑁�𝑡𝑡 = 1 then Δ𝐵𝐵𝑡𝑡 = 0. As we are in discrete time we could get 

overshoot so that 𝑁𝑁�𝑡𝑡 < 1, but then B will decline returning us to 𝑁𝑁�𝑡𝑡 = 1 and Δ𝐵𝐵𝑡𝑡 = 0. For 

initial Solow augmentation there will also be convergence to the balanced growth steady 

state. 

Lemma 2 suggests that, if the elasticity of substitution is low a pre-industrial economy will 

eventually undergo an industrial revolution even with low wood prices. But if the elasticity of 

substitution is high then it is possible for no transition to occur. 
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With all our empirically fitted parameters for the UK, 𝐵𝐵1560 = 8.32 and 𝑒𝑒1560 = 1.28 so that 

𝑁𝑁�1560 = 0.365 and Δ𝑁𝑁𝑀𝑀,1560
Δ𝑁𝑁𝑆𝑆,1560

 = 3.29. So technical change was relatively Solow-augmenting in 

1560. Not till 1780 does the direction of technical change become absolutely Solow 

augmenting. In fact, we would have to increase the wood-price to be more than 5 times the 

coal price in 1560 to get technical change that is absolutely Solow-augmenting at that point in 

time. On the other hand, in proportional terms, the rate of increase of varieties in the Solow 

sector was around three times that in the Malthus sector in 1560. So, Britain was already in 

1560 on an inevitable path to an Industrial Revolution even in the absence of further 

population growth. 

However, we have to also take into account the change in the energy price ratio over time. 

Figures 7 and 8 illustrate what are expected to be typical phase diagrams  for the high and 

low elasticity of substitution cases. Though we cannot cover all possible cases, we provide 

arguments for typical parameter values in the following. First we derive formulae for the 

isoclines and explore their location in the variable space. Setting the LHS of (23) to unity we 

solve for B: 

 
𝐵𝐵 = Γ

−𝜎𝜎
(𝜎𝜎−1)(1−𝛽𝛽)−1𝑒𝑒

𝛼𝛼(𝜎𝜎−1)
(𝜎𝜎−1)(1−𝛽𝛽)−1 (24) 

 
First, we see that for 𝜎𝜎 > 2−𝛽𝛽

1−𝛽𝛽
 the isocline is rising while for 𝜎𝜎 < 2−𝛽𝛽

1−𝛽𝛽
 it is falling as shown in 

the phase diagrams. There is a discontinuity at 𝜎𝜎 = 2−𝛽𝛽
1−𝛽𝛽

. The isocline is not actually linear as 

we have shown except for 𝜎𝜎 = 2−𝛼𝛼−𝛽𝛽
(1−𝛼𝛼−𝛽𝛽), which for our UK parameter values for 𝛼𝛼 and 𝛽𝛽 is 

given for 𝜎𝜎 = 2.9. For higher values of 𝜎𝜎 the isocline will be concave down and convex 

down for lower values. Equation (24) also shows the importance of 𝛾𝛾 for model dynamics. 

Given 𝜎𝜎 > 2−𝛽𝛽
1−𝛽𝛽

, for values of 𝛾𝛾 that are a lot smaller than 0.5 the coefficient in (24) will be 

large. For our UK parameter values it is 14.5. This means the isocline rises steeply and only a 

small amount of the variable space has Malthus-augmenting technical change. For higher 

values of both 𝜎𝜎 and 𝛾𝛾 the coefficient is lower and there is more space for Malthus-

augmenting technical change. When 𝜎𝜎 < 2−𝛽𝛽
1−𝛽𝛽

, if 𝛾𝛾 < 0.5 then the coefficient is less than 

unity and the lower 𝛾𝛾 is the smaller the coefficient. This again means that most of the 

variable space will be given to Solow-augmenting technical change. 
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In Appendix B we show that: 

 
𝑒𝑒𝑡𝑡 =

𝛼𝛼ℎ
𝛽𝛽(1 − 𝛽𝛽)𝐸𝐸�𝑀𝑀�̅�𝑒𝑆𝑆

𝐵𝐵𝑀𝑀,𝑡𝑡𝑁𝑁�𝑀𝑀,𝑡𝑡
𝑚𝑚  (25) 

 

where 𝐵𝐵𝑀𝑀,𝑡𝑡 = �𝑁𝑁𝑀𝑀,𝑡𝑡 + 𝜃𝜃𝑁𝑁𝑀𝑀,𝑡𝑡−1�, 𝑁𝑁�𝑀𝑀,𝑡𝑡
𝑚𝑚 = � Δ𝑁𝑁𝑀𝑀,𝑡𝑡

𝑁𝑁𝑀𝑀,𝑡𝑡−1
�

𝜇𝜇
1−𝜇𝜇

, and ℎ = 𝜂𝜂𝑖𝑖
1

𝜇𝜇−1

(1−𝜇𝜇). As 𝐵𝐵𝑀𝑀,𝑡𝑡 is always non-

declining, the change in the price of wood depends on whether 𝑁𝑁�𝑀𝑀,𝑡𝑡 is rising or falling. But if 

it is constant then the price of wood will also rise because 𝐵𝐵𝑀𝑀,𝑡𝑡 is always rising. The wood 

price can only fall if 𝑁𝑁�𝑀𝑀,𝑡𝑡 is falling faster than 𝐵𝐵𝑀𝑀,𝑡𝑡 is rising. So, mostly we should expect the 

relative price of wood to rise except when technological change is transferring towards Solow 

augmentation at a rapid pace. 

We also derive in Appendix B the following further two expressions for e that provide some 

additional insight: 

 
𝑒𝑒𝑡𝑡 = 𝐵𝐵𝑡𝑡

1−𝛽𝛽
𝛼𝛼 𝑝𝑝𝑡𝑡

1
𝛼𝛼 (26) 

 
 

𝑒𝑒𝑡𝑡 = Γ
𝜎𝜎

1+(𝜎𝜎−1)𝛼𝛼𝐵𝐵𝑡𝑡
(𝜎𝜎−1)(1−𝛽𝛽)
1+(𝜎𝜎−1)𝛼𝛼 𝐸𝐸𝑡𝑡

−1
1+(𝜎𝜎−1)𝛼𝛼 (27) 

 
where 𝐸𝐸𝑡𝑡 = 𝐸𝐸�𝑀𝑀

𝐸𝐸𝑆𝑆,𝑡𝑡
. Equation (27), which is exactly parallel to Acemoglu (2009, 15.19), shows 

that, ceteris paribus, increases in B always increase e and decreases in E always increase e. 

Assuming coal use is increasing, e will only fall if B is falling fast enough to outpace the 

effects of the fall in E. The effect of this will be enhanced the greater the elasticity of 

substitution so that a falling energy price will only be seen under relatively Solow-

augmenting technical change in flexible economies. E usually declines due to increase in coal 

use. Coal use does tend to increase except under very wood abundant and flexible economies. 

But then the wood price also tends to rise as the exponent on B will be large in those cases. In 

less flexible economies we expect e to always rise as the economy develops. 

Note that Proposition 15.4 in Acemoglu (2009) – that if the derived elasticity of substitution 

between the factors is greater than 2 then the relative price of the factor whose supply has 

relatively increased increases – does not hold here in general, because we are not on a 

balanced growth path in Acemoglu’s (2009) sense. 
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The effect of population growth on the energy price ratio can be seen through (21). In general 

population growth will increase labor in both sectors and so increase the growth rate of 

augmentation. This will increase the price of wood through (25). It will also increase the use 

of coal. We can conjecture that it will also differentially increase Solow output relative to 

Malthus output as the former is easier to expand, which will raise the price of the Malthus 

good raising e through (26). This will shift the position of the economy rightwards on the 

phase diagram pushing the economy further in the direction of Solow-augmenting 

technological change. Hence, population growth is likely to hasten an industrial revolution.  

5. Simulations 

Population 

In order to produce historical and counterfactual simulations we need to provide the 

exogenous population input parametrically. We refitted Marchetti et al.’s (1996) bilogistic 

function model using Maddison Update (2013) data for the population of the United 

Kingdom resulting in the following fit: 

 
𝐿𝐿𝑡𝑡 =

9

1 + 𝑒𝑒𝑥𝑥𝑝𝑝 �− ln (81)
470

(𝑛𝑛 − 1530)�
+

50

1 + 𝑒𝑒𝑥𝑥𝑝𝑝 �− ln (81)
205

(𝑛𝑛 − 1870)�
 (28) 

 
Where n is the calendar year and the numerators are expressed in millions. t is expressed in 

20 year increments starting at 0 in 1560, which is the first year of Warde’s (2007) energy 

data. The model is based on the idea that the preindustrial carrying capacity of Britain was 9 

million people and the Industrial Revolution allowed a new growth phase to add a further 50 

million people. Figure 6 shows the original data and the fitted curve. The total labor force, L, 

is assumed to be proportional to population and is normalized to unity in 1560 in the 

simulations. 

Baseline Simulation  

Following Kander and Stern (2014), our baseline scenario uses an elasticity of substitution of 

𝜎𝜎 = 4.4 in the production of the final good.7 We take the cost share of energy in 1800 in the 

                                                 
7 Kander and Stern (2014) estimate that the elasticity of substitution between traditional and modern 

energy carriers was 4.4 but with a wide confidence interval in Sweden from 1850 to 1950. Jones’ 

(2014) estimates imply that the Morishima elasticities of substitution between coal and biomass in the 
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UK was around 25% not including human and animal power (Gentvilaite et al., 2015), so we 

set the energy output elasticity to 𝛼𝛼 = 0.25. We note that this figure is inconsistent with Clark 

and Jacks' (2007, p68) apparent assumption that the value of coal was about 6% of British 

GDP in the 1860s, though they do not give a precise number. This is a key parameter, as our 

sensitivity testing below will show, so further historical research on it is warranted, if 

possible. We normalize the quantity of wood to unity. We set the capital output elasticity to 

𝛽𝛽 = 0.225 based on Table 13 in Clark (2010). We set the innovation exponent to 0.5 

arbitrarily as we do not have any evidence on this. We normalize the stock of ideas in the 

Solow sector in 1560 (t = 0) to 𝑁𝑁𝑆𝑆,0 = 1. The remaining parameters are 𝑁𝑁𝑀𝑀,0, 𝜂𝜂𝑖𝑖 , �̅�𝑒𝑆𝑆, 𝛾𝛾. We 

optimize these by minimizing the sum of squared proportional deviations from our stylized 

facts: 

1. In 1560 90% of the workforce was in the Malthus sector: 𝑙𝑙𝑛𝑛 �𝐿𝐿𝑀𝑀,1560
𝐿𝐿1560

� − 𝑙𝑙𝑛𝑛(0.9). 

2. The price of wood doubles from 1560 to its peak (Allen, 2009): 𝑙𝑙𝑛𝑛 �𝑚𝑚𝑚𝑚𝑚𝑚�𝑒𝑒𝑀𝑀,𝑡𝑡�
𝑒𝑒𝑀𝑀,1560

� −
𝑙𝑙𝑛𝑛(2). 

3. The price of wood is double the price of coal in 1560: 𝑙𝑙𝑛𝑛 �𝑒𝑒𝑀𝑀,1560
𝑒𝑒𝑆𝑆,1560

� − 𝑙𝑙𝑛𝑛(2). 

4. Output per capita rises 4.5-fold from 1560 to 1900: 𝑙𝑙𝑛𝑛 �(𝑌𝑌/𝑃𝑃)1900
(𝑌𝑌/𝑃𝑃)1560

� − 𝑙𝑙𝑛𝑛(4.5). 

5. The quantity of coal used is 30% of that of the wood used in 1560: 𝑙𝑙𝑛𝑛 �𝐸𝐸𝑆𝑆,1560
𝐸𝐸𝑀𝑀,1560

� −
𝑙𝑙𝑛𝑛(0.3). 

6. Energy intensity doubles from its minimum to its level in 1900: 𝑙𝑙𝑛𝑛 � (𝐸𝐸/𝑌𝑌)1900
𝑚𝑚𝑖𝑖𝑚𝑚((𝐸𝐸/𝑌𝑌)𝑡𝑡)� −

𝑙𝑙𝑛𝑛(2). 

The optimized values are presented in Table 1. In particular, note that the initial number of 

ideas in the Malthus sector is 9 times that in the Solow sector. 

Figure 9 shows some results that are comparable to the Figures of the actual data, Figures 1 

to 5, for the baseline Cobb-Douglas model using the parameters in Table 1. The price of 

wood is only 1.28 times that of coal in 1560 but more than doubles to its peak. This is 

because  is relatively small in order to fit the other stylized facts. Also, the peak in wood 

prices comes somewhat later than what happened historically. For GDP per capita and its 

growth rate, the main difference between the simulation and history is that in the period after 

1650 growth accelerates more slowly in the simulation than in reality, which means that the 

                                                 
US industrial sector are 0.442 (change in biomass price) and 1.486 (change in coal price). 

Papageorgiou et al. (2013) estimate elasticities of substitution between “clean” and “dirty” inputs of 2 

in the electricity generating sector and 3 in the rest of the economy. 



 20 

growth rate in the 19th Century has to be higher than it was historically in order to catch up, 

reaching 2.75% p.a. in 1880-1900. The final level of GDP per capita is also 5 times the initial 

level. Coal use in 1560 is 39% of wood use; and the share of labor in the Malthus sector is 

77%, falling to 50% by about 1770. The amount of coal used increases by more than three 

orders of magnitude by 1900 and the growth rate accelerates. However, coal use expands 

more slowly in the model than it did in reality. As a result, energy intensity declines till 1740 

and then increases by only 40% to 1900. 

Counterfactual Simulations 

We perform six counterfactual simulations to highlight the effects of energy resource 

abundance and scarcity, of changing the elasticity of substitution:  

1. Abundant Wood: Wood quantity is 10 times that in the baseline scenario. 

2. Expensive Coal: The coal price is 4 times that in the baseline scenario.  

3. ZPG: No population growth. 

4. High Substitutability: The elasticity of substitution is 10 instead of 4.4. 

5. Low Solow Knowledge: The initial stock of Solow sector ideas is half that in the 

baseline scenario. 

6.  Low Energy Cost Share in the Solow Sector: The cost share of coal is reduced to 6% 

(consistent with Clark and Jacks 2007).  

Figures 10 to 15 illustrate these simulations. As, with the exception of the ZPG scenario, we 

assume that population followed its historical path these shouldn’t be treated as alternative 

histories but as explorations of the effects of the model parameters.  

Compared to the Baseline Scenario, the Abundant Wood Scenario in Figure 10 has a much-

delayed transition. Positive growth only starts from 1840 and the price of wood only peaks 

after 1900. Energy intensity declines throughout the period, because even though coal use 

increases substantially the exogenous assumed growth in population outpaces the growth in 

total energy use. The price of wood rises fivefold from 1560 to 1900 but still doesn’t reach 

the peak level seen in the baseline scenario. The share of labor in the Malthus sector starts 

much higher (93%) but does fall, though only reaching 43% by 1900. 

The Expensive Coal Scenario looks very similar to the Abundant Wood Scenario. What 

cannot be seen in Figure 11 is that the price of wood relative to output is at about the same 

level as in the Baseline Scenario so that here both fuels are relatively expensive, whereas in 
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the Abundant Wood Scenario, wood is much cheaper relative to output than in the Baseline 

Scenario. Importantly, even with a coal price only 2 rather than 4 times the Baseline price, 

GDP per capita declines for over 200 years, and regains its initial value only in 1860. This 

refutes, as long as the energy share is high enough (here 25%), the suggestion in Clark and 

Jacks (2007) that importing wood at about twice the coal price would have allowed a very 

similar Industrial Revolution in a counterfactually coal-less Britain. 

Figure 12 shows that the ZPG Scenario is dramatically different to the three preceding 

scenarios. Here there is low positive growth in income per capita rising from 0.05% p.a. in 

1560-80 to 0.08% p.a. in 1900. The price of wood rises 4% and the use of coal expands 25% 

in 340 years. However, the share of labor in the Malthus sector does decline slowly over 

time, falling from 77% in 1560 to 64% in 1900. Running the simulation into the future, 

Solow sector output exceeds Malthus sector output around the year 2400. So there is a 

transition but it is extremely delayed. 

An alternative way of thinking about abundant fuels is to imagine that the various fuels are 

more fungible with each other so that the elasticity of substitution is higher. In Figure 13, the 

Industrial Revolution is again much delayed. Interestingly, the price of wood starts higher 

than in the Baseline Scenario and grows more, but because of the increased flexibility this is 

much slower to induce a shift of innovation to the Solow Sector. 

Assuming that the economy had a smaller stock of knowledge in the Solow sector in 1560 

produces similar results to the Expensive Coal Scenario (Figure 14). The price of wood 

relative to output is similar in the two cases but lower relative to coal in the Expensive Coal 

Scenario. Again the Industrial Revolution is much delayed. 

Finally, Figure 15 provides a check on the robustness to different data sources. We lower the 

energy cost share in the Solow sector to 6% to reflect the apparent estimates in Section 6 of 

Clark and Jacks (2007), instead of 25%. The much lower importance of energy here causes 

the initial relative price of wood to be 6 times lower than in the Baseline case. This in turn 

greatly reduces the incentive to innovate in either sector, and greatly delays the Industrial 

Revolution, reaching a per-capita GDP level in 1900 that was already exceeded by 1700 in 

our Baseline case. 
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6. Conclusions  

We have shown here the potential importance of the differential abundance of natural 

resources − "wood" and coal − in driving a transition from pre-industrial stagnation to 

modern economic growth, using a model that both yields theoretical insights and reproduces 

key empirical features of the British Industrial Revolution. We extended and calibrated the 

increasing product varieties directed technical change model (Acemoglu, 2002); and unlike 

previous related research (Hansen and Prescott, 2002; Fröling 2011; Eren and Garcia-Macia, 

2013), we did not assume that productivity or productivity growth is inherently any higher in 

the modern, industrial, "Solow" sector (here coal-using) than in the traditional, land-based, 

"Malthus" sector. Rather, we assume resource supply conditions differ inherently, so that 

wood is inelastically and coal elastically supplied, which is a stylized representation of the 

British historical record.  

Given some parameter values from the literature, fitting our model to some basic stylized 

facts of the Industrial Revolution results in sensible values for the free parameters, including 

that the stock of ideas in the Malthus sector was 9 times as large as that in the Solow sector in 

1560. The year-on-year increase in coal-using varieties exceeds that of wood-using varieties 

by 1780. The only exogenous driver in our model is the historical rate of population growth. 

This should be endogenized in future research, but leaving this exogenous here better 

highlights the role of natural resource scarcity in driving change. 

Compared to the previous literature, our model introduces an important new potential source 

of Malthusian stagnation, or near-stagnation since our model allows perpetual but slow 

growth without making an industrial transition. We have shown how economies with 

abundant renewable energy and/or high elasticities of substitution do not have an industrial 

revolution leading to modern economic growth, unless population growth first pushes them 

into the relevant part of the state-space where a transition to an elastically supplied energy 

source occurs. 

Counterfactual simulations show that a much higher fixed quantity of wood input, or fixed 

price of coal, would have led to centuries of stagnation in terms of GDP per capita or the rate 

of innovation. So in our model, it is growing relative scarcity of renewable, land-based 

(wood) energy caused by population growth that results in innovation to develop coal-using 

machines. So necessity is indeed the mother of invention: the unlimited supply of coal does 

not trigger a transition on its own if renewable energy is not relatively scarce.  
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Our model thus partly supports the view of authors like Allen (2009), and Wrigley (2010) 

that the Industrial Revolution first happened in Britain because of its  cheap and abundant 

coal. Counter to Clark and Jacks (2007), Madsen et al. (2010), and Harley and Crafts (2000), 

our model tells a plausible story of how coal could have played a central role in the Industrial 

Revolution. Our results also suggest that mainstream growth theorists should pay more 

attention to the potential role of natural resource scarcity in the transition to growth, rather 

than almost completely ignoring it as they currently do (e.g. Galor, 2011; Acemoglu, 2009). 

However, we stress that our support is partial, because though our model shows cheap coal to 

have been necessary for the Industrial Revolution to happen in Britain in the 18th Century, it 

does not imply that these factors were sufficient. Good institutions, human capital, and 

endogenous population growth, which have all been suggested as key factors (Clark, 2014), 

are all also likely to be important factors. Good institutions − for example, a patenting system 

to protect innovators' property rights, which Madsen et al. (2010) stress was developed much 

earlier in Britain than anywhere else, and scientific progress, likewise stressed by Mokyr 

(2009) − are invisibly assumed in the mathematical structure of most economic growth 

models, including ours, so we are implicitly treating them as also being necessary for growth. 

If economic analysis can be developed to take all these conventional factors and renewable 

energy scarcity and fossil fuel availability into account, then the Industrial Revolution may 

not “remain[s] one of history’s mysteries” (Clark, 2014, 260) for much longer. 

 

Appendix A: Derivation of Equilibrium Equations 

Here we derive the system of equilibrium equations in terms of the endogenous variables 

𝑝𝑝𝑡𝑡 = 𝑝𝑝𝑀𝑀,𝑡𝑡
𝑝𝑝𝑆𝑆,𝑡𝑡

, 𝑁𝑁𝑀𝑀,𝑡𝑡, and  𝑁𝑁𝑆𝑆,𝑡𝑡. We assume in the solution that final output 𝑌𝑌𝑡𝑡 is produced using 

both intermediate goods. The transition can proceed so far that only Solow goods are 

produced at which point our solution breaks down. But this is not relevant for the actual 

historical dynamics up to 1900 and so we do not provide a more general solution. 

Intermediate good output prices and the labor allocation are jointly determined at the 

economy-wide level because of the labor adding-up condition (4) and the numeraire equation 

(5). Then, given output prices and the labor allocation, all other quantities can be determined 
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sector by sector. So we first solve for the output prices and labor allocation and then 

substitute these into the relevant sector level equations. 

First we substitute 𝑝𝑝𝑀𝑀,𝑡𝑡 = 𝑝𝑝𝑡𝑡𝑝𝑝𝑆𝑆,𝑡𝑡 into the LHS of the numeraire equation (5) yielding: 

𝛾𝛾𝜎𝜎�𝑝𝑝𝑡𝑡𝑝𝑝𝑆𝑆,𝑡𝑡�
1−𝜎𝜎

+ (1 − 𝛾𝛾)𝜎𝜎𝑝𝑝𝑆𝑆,𝑡𝑡
1−𝜎𝜎 = 1 

Dividing both sides by 𝑝𝑝𝑆𝑆,𝑡𝑡
1−𝜎𝜎: 

𝑝𝑝𝑆𝑆,𝑡𝑡
𝜎𝜎−1(𝑝𝑝𝑡𝑡) = 𝛾𝛾𝜎𝜎𝑝𝑝𝑡𝑡1−𝜎𝜎 + (1 − 𝛾𝛾)𝜎𝜎 

Then finally raising both sides to the power of 1
𝜎𝜎−1

 we have: 

 𝑝𝑝𝑆𝑆,𝑡𝑡(𝑝𝑝𝑡𝑡) = [𝛾𝛾𝜎𝜎𝑝𝑝𝑡𝑡1−𝜎𝜎 + (1 − 𝛾𝛾)𝜎𝜎]
1

𝜎𝜎−1 (A1) 

 
The price in the Malthus sector is simply given by: 

 𝑝𝑝𝑀𝑀,𝑡𝑡( 𝑝𝑝𝑡𝑡) = 𝑝𝑝𝑡𝑡𝑝𝑝𝑆𝑆,𝑡𝑡( 𝑝𝑝𝑡𝑡) (A2) 

 
Next we find the optimal levels of labor. Using (9): 

 𝑤𝑤𝑡𝑡 = (1 − 𝛼𝛼 − 𝛽𝛽)𝑝𝑝𝑀𝑀,𝑡𝑡
𝑌𝑌𝑀𝑀,𝑡𝑡

𝐿𝐿𝑀𝑀,𝑡𝑡
= (1 − 𝛼𝛼 − 𝛽𝛽)𝑝𝑝𝑆𝑆,𝑡𝑡

𝑌𝑌𝑆𝑆,𝑡𝑡

𝐿𝐿𝑆𝑆,𝑡𝑡
⟹

𝑌𝑌𝑀𝑀,𝑡𝑡

𝑌𝑌𝑆𝑆,𝑡𝑡
= 𝑝𝑝𝑡𝑡

𝐿𝐿𝑀𝑀,𝑡𝑡

𝐿𝐿𝑆𝑆,𝑡𝑡
 (A3) 

 
Substituting the result into (6) yields: 

 
𝑝𝑝𝑡𝑡

𝜎𝜎−1
𝜎𝜎 =

𝛾𝛾
1 − 𝛾𝛾

�
𝐿𝐿𝑀𝑀,𝑡𝑡

𝐿𝐿𝑆𝑆,𝑡𝑡
�
−1𝜎𝜎

⟹
𝐿𝐿𝑀𝑀,𝑡𝑡

𝐿𝐿𝑆𝑆,𝑡𝑡
= �

𝛾𝛾
1 − 𝛾𝛾

�
𝜎𝜎
𝑝𝑝𝑡𝑡1−𝜎𝜎  

 
Given (4) we can then solve for 𝐿𝐿𝑀𝑀,𝑡𝑡 and 𝐿𝐿𝑆𝑆,𝑡𝑡: 

 𝐿𝐿𝑆𝑆,𝑡𝑡( 𝑝𝑝𝑡𝑡) =
𝐿𝐿𝑡𝑡

1 + 𝑝𝑝𝑡𝑡1−𝜎𝜎 �
𝛾𝛾

1−𝛾𝛾
�
𝜎𝜎 (A4) 

 
 𝐿𝐿𝑀𝑀,𝑡𝑡( 𝑝𝑝𝑡𝑡) = 𝐿𝐿𝑡𝑡 − 𝐿𝐿𝑆𝑆,𝑡𝑡( 𝑝𝑝𝑡𝑡) (A5) 
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Then, starting with the Malthus sector, we substitute the optimal number of machines sold 

monopolistically from (13) and competitively from (15) into the production function (2), and 

insert the fixed quantity of wood 𝐸𝐸𝑀𝑀,𝑡𝑡 = 𝐸𝐸�𝑀𝑀. After rearranging this yields: 

 
𝑌𝑌𝑀𝑀,𝑡𝑡(𝑝𝑝𝑡𝑡,𝑁𝑁𝑀𝑀,𝑡𝑡) =

1
𝛽𝛽
�𝑁𝑁𝑀𝑀,𝑡𝑡 + 𝜃𝜃𝑁𝑁𝑀𝑀,𝑡𝑡−1�𝑝𝑝𝑀𝑀,𝑡𝑡

𝛽𝛽
1−𝛽𝛽(𝑝𝑝𝑡𝑡)𝐸𝐸�𝑀𝑀

𝛼𝛼
1−𝛽𝛽𝐿𝐿𝑀𝑀,𝑡𝑡

1−𝛼𝛼−𝛽𝛽
1−𝛽𝛽 (𝑝𝑝𝑡𝑡) (A6) 

 

where 𝜃𝜃 = 𝛽𝛽
𝛽𝛽

𝛽𝛽−1 − 1. For the Solow sector, we first also need to find the optimal amount of 

coal. Substituting the optimal number of machines into (8) and rearranging yields: 

�̅�𝑒𝑆𝑆 =
𝛼𝛼
𝛽𝛽
𝑝𝑝𝑆𝑆,𝑡𝑡

1
1−𝛽𝛽�𝑁𝑁𝑆𝑆,𝑡𝑡 + 𝜃𝜃𝑁𝑁𝑆𝑆,𝑡𝑡−1�𝐸𝐸𝑆𝑆,𝑡𝑡

𝛼𝛼+𝛽𝛽−1
1−𝛽𝛽  

𝐿𝐿𝑆𝑆,𝑡𝑡

1−𝛼𝛼−𝛽𝛽
1−𝛽𝛽  

Then solving for the coal quantity we have: 

 
𝐸𝐸𝑆𝑆,𝑡𝑡

 (𝑝𝑝𝑡𝑡,𝑁𝑁𝑆𝑆,𝑡𝑡) = �
𝛼𝛼�𝑁𝑁𝑆𝑆,𝑡𝑡 + 𝜃𝜃𝑁𝑁𝑆𝑆,𝑡𝑡−1�

𝛽𝛽�̅�𝑒𝑆𝑆,𝑡𝑡
�

1−𝛽𝛽
1−𝛼𝛼−𝛽𝛽

𝐿𝐿𝑆𝑆,𝑡𝑡(𝑝𝑝𝑡𝑡)𝑝𝑝𝑆𝑆,𝑡𝑡

1
1−𝛼𝛼−𝛽𝛽(𝑝𝑝𝑡𝑡) (A7) 

 
Substituting the optimal number of machines into the production function (3) and using (A7) 

gives output in the Solow sector: 

 
𝑌𝑌𝑆𝑆,𝑡𝑡(𝑝𝑝𝑡𝑡,𝑁𝑁𝑆𝑆,𝑡𝑡) =

1
𝛽𝛽
�𝑁𝑁𝑆𝑆,𝑡𝑡 + 𝜃𝜃𝑁𝑁𝑆𝑆,𝑡𝑡−1�𝑝𝑝𝑆𝑆,𝑡𝑡

𝛽𝛽
1−𝛽𝛽(𝑝𝑝𝑡𝑡)𝐸𝐸𝑆𝑆,𝑡𝑡

𝛼𝛼
1−𝛽𝛽�𝑝𝑝𝑡𝑡,𝑁𝑁𝑆𝑆,𝑡𝑡�𝐿𝐿𝑆𝑆,𝑡𝑡

1−𝛼𝛼−𝛽𝛽
1−𝛽𝛽 (𝑝𝑝𝑡𝑡) (A8) 

 
Inserting (A5) and (A7) into (6) gives the equilibrium equation for the price ratio: 

 
𝑝𝑝𝑡𝑡 =

𝛾𝛾
1 − 𝛾𝛾

�
𝑌𝑌𝑀𝑀,𝑡𝑡(𝑝𝑝𝑡𝑡,𝑁𝑁𝑀𝑀,𝑡𝑡)
𝑌𝑌𝑆𝑆,𝑡𝑡(𝑝𝑝𝑡𝑡,𝑁𝑁𝑆𝑆,𝑡𝑡)

�
−1𝜎𝜎

 
(A9)=

(20) 

 
Lastly, substituting 𝑝𝑝𝑀𝑀,𝑡𝑡( 𝑝𝑝𝑡𝑡), 𝑝𝑝𝑆𝑆,𝑡𝑡( 𝑝𝑝𝑡𝑡), 𝐿𝐿𝑀𝑀,𝑡𝑡( 𝑝𝑝𝑡𝑡), and 𝐿𝐿𝑆𝑆,𝑡𝑡( 𝑝𝑝𝑡𝑡) into (14), we can write down 

the profits for each machine monopolist as follows: 

 
𝜋𝜋𝑀𝑀,𝑡𝑡(𝑗𝑗)( 𝑝𝑝𝑡𝑡) = (1 − 𝛽𝛽)𝑝𝑝𝑀𝑀,𝑡𝑡

1
1−𝛽𝛽( 𝑝𝑝𝑡𝑡)𝐸𝐸�𝑀𝑀,𝑡𝑡

𝛼𝛼
1−𝛽𝛽𝐿𝐿𝑀𝑀,𝑡𝑡

1−𝛼𝛼−𝛽𝛽
1−𝛽𝛽 ( 𝑝𝑝𝑡𝑡) (A10) 

 

 
𝜋𝜋𝑆𝑆,𝑡𝑡(𝑗𝑗)� 𝑝𝑝𝑡𝑡,𝑁𝑁𝑆𝑆,𝑡𝑡� = (1 − 𝛽𝛽)𝑝𝑝𝑆𝑆,𝑡𝑡

1
1−𝛽𝛽(𝑝𝑝𝑡𝑡)𝐸𝐸𝑆𝑆,𝑡𝑡

𝛼𝛼
1−𝛽𝛽(𝑝𝑝𝑡𝑡,𝑁𝑁𝑆𝑆,𝑡𝑡)𝐿𝐿𝑆𝑆,𝑡𝑡

1−𝛼𝛼−𝛽𝛽
1−𝛽𝛽 (𝑝𝑝𝑡𝑡) (A11) 
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These equations are used together with the profit equations derived from the technology 

innovation frontier, to solve the model. Solving (16) for the level of expenditure we have:  

𝑅𝑅𝑖𝑖,𝑡𝑡 = �
Δ𝑁𝑁𝑖𝑖,𝑡𝑡
𝜂𝜂𝑁𝑁𝑖𝑖,𝑡𝑡−1

𝜇𝜇 �

1
1−𝜇𝜇

 

Substituting this into (19), we obtain formulae for profits 𝜋𝜋𝑀𝑀,𝑡𝑡(𝑗𝑗)�𝑁𝑁𝑀𝑀,𝑡𝑡� and 𝜋𝜋𝑆𝑆,𝑡𝑡(𝑗𝑗)�𝑁𝑁𝑆𝑆,𝑡𝑡�, 

which we equate to 𝜋𝜋𝑀𝑀,𝑡𝑡(𝑗𝑗)(𝑝𝑝𝑡𝑡) in (A9) and 𝜋𝜋𝑆𝑆,𝑡𝑡(𝑗𝑗)�𝑝𝑝𝑡𝑡,𝑁𝑁𝑆𝑆,𝑡𝑡� in (A10) to derive the following 

two equilibrium equations in 𝑁𝑁𝑀𝑀,𝑡𝑡, 𝑁𝑁𝑆𝑆,𝑡𝑡, and 𝑝𝑝𝑡𝑡: 

 𝜂𝜂
1

𝜇𝜇−1

(1 − 𝜇𝜇)�
Δ𝑁𝑁𝑀𝑀,𝑡𝑡

𝑁𝑁𝑀𝑀,𝑡𝑡−1
�

𝜇𝜇
1−𝜇𝜇

= 𝜋𝜋𝑀𝑀,𝑡𝑡(𝑗𝑗)( 𝑝𝑝𝑡𝑡) 
(A12)

=(19) 

 

 𝜂𝜂
1

𝜇𝜇−1

(1 − 𝜇𝜇)�
Δ𝑁𝑁𝑆𝑆,𝑡𝑡

𝑁𝑁𝑆𝑆,𝑡𝑡−1
�

𝜇𝜇
1−𝜇𝜇

=  𝜋𝜋𝑆𝑆,𝑡𝑡(𝑗𝑗)� 𝑝𝑝𝑡𝑡,𝑁𝑁𝑆𝑆,𝑡𝑡� 
(A13)

=(20) 

 
which, together with (A9), we solve numerically. 

 

Appendix B: Derivation of Formulae for Section 4 

Assuming that the innovation parameters are the same in the two sectors as we do in the 

empirical analysis, define ℎ = 𝜂𝜂
1

𝜇𝜇−1

(1−𝜇𝜇) and 𝑚𝑚 = 𝜇𝜇
1−𝜇𝜇

. Then, solving for the proportional growth 

rates of the two numbers of varieties from equations (21) and (22), we have: 

 

𝑁𝑁�𝑀𝑀,𝑡𝑡 = �
(1 − 𝛽𝛽)

ℎ
𝑝𝑝𝑀𝑀,𝑡𝑡

1
1−𝛽𝛽( 𝑝𝑝𝑡𝑡)𝐸𝐸�𝑀𝑀,𝑡𝑡

𝛼𝛼
1−𝛽𝛽𝐿𝐿𝑀𝑀,𝑡𝑡

1−𝛼𝛼−𝛽𝛽
1−𝛽𝛽 ( 𝑝𝑝𝑡𝑡)�

1
𝑚𝑚

      (B1) 

 
 

𝑁𝑁�𝑆𝑆,𝑡𝑡 = �
(1 − 𝛽𝛽)

ℎ
𝑝𝑝𝑆𝑆,𝑡𝑡

1
1−𝛽𝛽(𝑝𝑝𝑡𝑡)𝐸𝐸𝑆𝑆,𝑡𝑡

𝛼𝛼
1−𝛽𝛽(𝑝𝑝𝑡𝑡,𝑁𝑁𝑆𝑆,𝑡𝑡)𝐿𝐿𝑆𝑆,𝑡𝑡

1−𝛼𝛼−𝛽𝛽
1−𝛽𝛽 ( 𝑝𝑝𝑡𝑡)�

1
𝑚𝑚

 (B2) 
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where hats represent proportional growth rates. Then taking the ratio of (B1) and (B2) results 

in: 

 𝑁𝑁�𝑀𝑀,𝑡𝑡

𝑁𝑁�𝑆𝑆,𝑡𝑡
=   𝑝𝑝𝑡𝑡

1
𝑚𝑚(1−𝛽𝛽) �

𝐸𝐸�𝑀𝑀,𝑡𝑡

𝐸𝐸𝑆𝑆,𝑡𝑡(𝑝𝑝𝑡𝑡,𝑁𝑁𝑆𝑆,𝑡𝑡)
�

𝛼𝛼
𝑚𝑚(1−𝛽𝛽)

 �
𝐿𝐿𝑀𝑀,𝑡𝑡( 𝑝𝑝𝑡𝑡)
𝐿𝐿𝑆𝑆,𝑡𝑡( 𝑝𝑝𝑡𝑡)

�

1−𝛼𝛼−𝛽𝛽
𝑚𝑚(1−𝛽𝛽)

    (B3) 

 
Equation (B3) is not, however, in the most intuitive form for further analysis. From (7), (8), 

and (9), it follows that: 

 𝑙𝑙𝑡𝑡 = 𝑒𝑒𝑡𝑡𝐸𝐸𝑡𝑡 = 𝑝𝑝𝑡𝑡𝑦𝑦𝑡𝑡 (B4) 

 
where each of the variables is the ratio of the variable in the Malthus sector to that in the 

Solow sector: 𝑦𝑦𝑡𝑡 = 𝑌𝑌𝑀𝑀,𝑡𝑡
𝑌𝑌𝑆𝑆,𝑡𝑡

, 𝑙𝑙 = 𝐿𝐿𝑀𝑀,𝑡𝑡
𝐿𝐿𝑆𝑆,𝑡𝑡

,𝐸𝐸 = 𝐸𝐸�𝑀𝑀
𝐸𝐸𝑆𝑆,𝑡𝑡

, 𝑒𝑒 = 𝑒𝑒𝑀𝑀,𝑡𝑡
�̅�𝑒𝑆𝑆

. In the following we drop the time 

subscripts unless they are necessary. The following equations from the main text and 

Appendix A will be substituted into (B3): 

(6):  𝑝𝑝 = Γ𝑦𝑦−
1
𝜎𝜎     (B5) 

(7)/(8):  𝑒𝑒 = 𝑝𝑝𝑦𝑦/𝐸𝐸    (B6) 

(A6)/(A8): 𝑦𝑦 = 𝐵𝐵𝑝𝑝
𝛽𝛽

1−𝛽𝛽𝐸𝐸
𝛼𝛼

1−𝛽𝛽𝑙𝑙
1−𝛼𝛼−𝛽𝛽
1−𝛽𝛽 = 𝐵𝐵𝑁𝑁�𝑚𝑚/𝑝𝑝  (B7) 

(9):  𝑦𝑦 = 𝑙𝑙/𝑝𝑝     (B8) 

where Γ = 𝛾𝛾
1−𝛾𝛾

. First we solve (B6) for E and (B8) for l and substitute into (B3): 

 𝑁𝑁� = 𝑝𝑝
1

𝑚𝑚(1−𝛽𝛽) �
𝑝𝑝𝑦𝑦
𝑒𝑒
�

𝛼𝛼
𝑚𝑚(1−𝛽𝛽) (𝑝𝑝𝑦𝑦)

1−𝛼𝛼−𝛽𝛽
𝑚𝑚(1−𝛽𝛽) 

Then substitute (B5) into the first p term on the RHS: 

 
𝑁𝑁� = �Γ𝑦𝑦−

1
𝜎𝜎�

1
𝑚𝑚(1−𝛽𝛽)

�
𝑝𝑝𝑦𝑦
𝑒𝑒
�

𝛼𝛼
𝑚𝑚(1−𝛽𝛽) (𝑝𝑝𝑦𝑦)

1−𝛼𝛼−𝛽𝛽
𝑚𝑚(1−𝛽𝛽) (B9) 

 
Equation (B7) implies 𝑝𝑝𝑦𝑦 = 𝐴𝐴𝑁𝑁�𝑚𝑚. Use this to substitute out the py terms in (B9): 
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𝑁𝑁� = �Γ𝑦𝑦−

1
𝜎𝜎�

1
𝑚𝑚(1−𝛽𝛽)

�
𝐵𝐵𝑁𝑁�𝑚𝑚

𝑒𝑒
�

𝛼𝛼
𝑚𝑚(1−𝛽𝛽)

�𝐵𝐵𝑁𝑁�𝑚𝑚�
1−𝛼𝛼−𝛽𝛽
𝑚𝑚(1−𝛽𝛽) (B10) 

 
Substitute (B5) into (B7) and solve for y: 

 
𝑦𝑦 = �

𝐵𝐵𝑁𝑁�𝑚𝑚

Γ
�

𝜎𝜎
𝜎𝜎−1

 (B11) 

 
Substitute this into y in (B10): 

𝑁𝑁� = �Γ �𝜕𝜕𝑁𝑁
�𝑚𝑚

Γ
�
−1
𝜎𝜎−1�

1
𝑚𝑚(1−𝛽𝛽)

�𝜕𝜕𝑁𝑁
�𝑚𝑚

𝑒𝑒
�

𝛼𝛼
𝑚𝑚(1−𝛽𝛽) �𝐵𝐵𝑁𝑁�𝑚𝑚�

1−𝛼𝛼−𝛽𝛽
𝑚𝑚(1−𝛽𝛽)  

and solve for 𝑁𝑁�: 

 
𝑁𝑁� = Γ

𝜎𝜎
𝑚𝑚𝐵𝐵

(𝜎𝜎−1)(1−𝛽𝛽)−1
𝑚𝑚 𝑒𝑒

−𝛼𝛼(𝜎𝜎−1)
𝑚𝑚  

(B12)

=(23) 

 
Defining 𝜋𝜋𝑡𝑡 = 𝜋𝜋𝑀𝑀,𝑡𝑡(𝑗𝑗)/𝜋𝜋𝑆𝑆,𝑡𝑡(𝑗𝑗), from (21) and (22), since ℎ𝑁𝑁�𝑖𝑖,𝑡𝑡𝑚𝑚 = 𝜋𝜋𝑖𝑖,𝑡𝑡(𝑗𝑗), then 𝑁𝑁�𝑚𝑚 = 𝜋𝜋 and: 

 𝜋𝜋 = Γ𝜎𝜎𝐵𝐵�(𝜎𝜎−1)(1−𝛽𝛽)−1�𝑒𝑒−𝛼𝛼(𝜎𝜎−1) (B13)  

 
To derive the behavior of e over time as given in (25) we substitute (A6) into (7) and divide 

by the constant price of coal yielding: 

𝑒𝑒𝑀𝑀,𝑡𝑡(𝑝𝑝𝑡𝑡,𝑁𝑁𝑀𝑀,𝑡𝑡)
�̅�𝑒𝑆𝑆

=
𝛼𝛼
𝛽𝛽
�𝑁𝑁𝑀𝑀,𝑡𝑡 + 𝜃𝜃𝑁𝑁𝑀𝑀,𝑡𝑡−1�

�̅�𝑒𝑆𝑆
𝑝𝑝𝑀𝑀,𝑡𝑡

1
1−𝛽𝛽(𝑝𝑝𝑡𝑡)𝐸𝐸�𝑀𝑀

𝛼𝛼+𝛽𝛽−1
1−𝛽𝛽 𝐿𝐿𝑀𝑀,𝑡𝑡

1−𝛼𝛼−𝛽𝛽
1−𝛽𝛽 (𝑝𝑝𝑡𝑡) 

Now from (21) this is equivalent to: 

𝑒𝑒𝑀𝑀,𝑡𝑡(𝑁𝑁𝑀𝑀,𝑡𝑡)
�̅�𝑒𝑆𝑆

=
𝛼𝛼

𝛽𝛽(1 − 𝛽𝛽)𝐸𝐸�𝑀𝑀�̅�𝑒𝑆𝑆
�𝑁𝑁𝑀𝑀,𝑡𝑡 + 𝜃𝜃𝑁𝑁𝑀𝑀,𝑡𝑡−1�

𝜂𝜂
1

𝜇𝜇−1

(1 − 𝜇𝜇)�
Δ𝑁𝑁𝑀𝑀,𝑡𝑡

𝑁𝑁𝑀𝑀,𝑡𝑡−1
�

𝜇𝜇
1−𝜇𝜇

 

or: 

 
𝑒𝑒 =

𝛼𝛼ℎ
𝛽𝛽(1 − 𝛽𝛽)𝐸𝐸�𝑀𝑀�̅�𝑒𝑆𝑆

𝐵𝐵𝑀𝑀𝑁𝑁�𝑀𝑀𝑚𝑚 
(B14)

=(25) 
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To derive (26) we solve (B7) for E: 

𝐸𝐸 = �𝑦𝑦
𝜕𝜕
�
1−𝛽𝛽
𝛼𝛼 𝑝𝑝

−𝛽𝛽
𝛼𝛼 𝑙𝑙

−(1−𝛼𝛼−𝛽𝛽)
𝛼𝛼   

and substitute it into (B6): 

𝑒𝑒 = 𝑦𝑦
𝛼𝛼+𝛽𝛽−1

𝛼𝛼 𝐵𝐵
1−𝛽𝛽
𝛼𝛼 𝑝𝑝

𝛼𝛼+𝛽𝛽
𝛼𝛼 𝑙𝑙

(1−𝛼𝛼−𝛽𝛽)
𝛼𝛼  

Substitute result for l from (B8) into this resulting in: 

 
𝑒𝑒 = 𝐵𝐵

1−𝛽𝛽
𝛼𝛼 𝑝𝑝

1
𝛼𝛼 

(B15)

=(26) 

 
To obtain (27) from (B15), substitute (B8) for p in (B7): 

𝑦𝑦 = 𝐵𝐵(𝑙𝑙/𝑦𝑦)
𝛽𝛽

1−𝛽𝛽𝐸𝐸
𝛼𝛼

1−𝛽𝛽𝑙𝑙
1−𝛼𝛼−𝛽𝛽
1−𝛽𝛽  

Then use l=eE to substitute out l: 

𝑦𝑦 = 𝐵𝐵(𝑙𝑙/𝑦𝑦)
𝛽𝛽

1−𝛽𝛽𝐸𝐸
𝛼𝛼

1−𝛽𝛽(𝑒𝑒𝐸𝐸)
1−𝛼𝛼−𝛽𝛽
1−𝛽𝛽  

Simplify and solve for y: 

𝑦𝑦 = 𝐵𝐵1−𝛽𝛽𝑒𝑒1−𝛼𝛼𝐸𝐸 

Substitute (B5) into (B20): 

𝑒𝑒 = 𝐵𝐵
1−𝛽𝛽
𝛼𝛼 Γ

1
𝛼𝛼𝑦𝑦−

1
𝜎𝜎𝛼𝛼 

Substitute our solution for y into this: 

𝑒𝑒 = 𝐵𝐵
1−𝛽𝛽
𝛼𝛼 Γ

1
𝛼𝛼�𝐵𝐵1−𝛽𝛽𝑒𝑒1−𝛼𝛼𝐸𝐸�

− 1
𝜎𝜎𝛼𝛼 

and then simplify and solve for e: 

 
𝑒𝑒 = Γ

𝜎𝜎
1+(𝜎𝜎−1)𝛼𝛼𝐵𝐵

(𝜎𝜎−1)(1−𝛽𝛽)
1+(𝜎𝜎−1)𝛼𝛼 𝐸𝐸

−1
1+(𝜎𝜎−1)𝛼𝛼 

(B16)

=(27) 
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Table 1: Baseline Parameters: 

Parameter Symbol Value Sources 

CES elasticity in final production 𝜎𝜎 4.4 Kander and Stern (2014) 

Distribution parameter in CES final 
production 𝛾𝛾 0.27 Optimized 

Energy output elasticity 𝛼𝛼 0.25 

Energy cost share in 1800 in the 
UK was about 25% not counting 
animal and human power 
(Gentvilaite et al., 2015). 

Capital (machine) output elasticity 𝛽𝛽  0.225 
This is based on a share of capital 
that fluctuates between about 0.2 
and 0.25 in Clark (2010). 

Productivity innovation in M sector 𝜂𝜂𝑀𝑀 0.38 Optimized 

Productivity innovation in S sector 𝜂𝜂𝑆𝑆 0.38 Optimized 

Parameter in innovation production 𝜇𝜇 0.5 Arbitrary 

Initial idea stock in M sector 𝑁𝑁𝑀𝑀,0 9 Optimized 

Initial idea stock in S sector 𝑁𝑁𝑆𝑆,0 1 Normalized to unity 

Constant price of coal �̅�𝑒𝑆𝑆 1.25 Optimized 

Constant consumption of wood 𝐸𝐸�𝑀𝑀 1 Normalized to unity 
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Figure 1. Real Prices of Coal and Charcoal in London and the Western UK 

 

Source: Allen (2009), Table 4.3. Units are grams of silver per million BTU at constant prices 
of 1550. 

Figure 2. Quantities of Firewood and Coal 

 

Source: Warde (2007). 
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Figure 3. GDP per Capita 

 

Source: Maddison Project (2013). 

Figure 4. GDP per Capita Growth Rate 

 

Source: Maddison Project (2013). 
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Figure 5. Energy Intensity 

Sources: Authors’ calculations from data in Warde (2007) and Maddison Project (2013). 

Figure 6. United Kingdom Population 

 

Sources: Maddison Project (2013), authors’ estimates. 
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Figure 7. Phase Diagram for High Elasticity of Substitution 
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Figure 8. Phase Diagram for Low Elasticity of Substitution 
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Figure 9. Baseline Scenario 

 
Figure 10. Abundant Wood Scenario 
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Figure 11. Expensive Coal Scenario 

 

Figure 12. ZPG Scenario 
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Figure 13. High Substitutability Scenario 

 

Figure 14. Low Solow Knowledge Scenario 
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Figure 15. Low Energy Cost Share Scenario 
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